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B CTeNeHb — K YMHOXeHMI0 notpeboBasna cocTaB/iATb NOLPO6HbIE TabnuL bl
norapu@mos, KOTOpble cylecTBYT ¢ Hayana XVII B. Ewe HegaBHO B 616-
NIM0TEKAaX CTOAIM TOJICTEHHbIE TOMA Tabnul, B KOTOPbIX OblIM NPUBEAEHbI
3HayYeHna norapu@moB CO MHOTUMM [eCATUYHBLIMM 3HaKamu, B 0653aTesb-
HbIi KOMMEKT LWKOMbHbIX Y4e6HMKOB BX0oAuNa oTaenbHaa «Tabnuua ye-
ThipexX3Ha4HbIX NOrapumoB», a KaXblii UHXEHep HOCWU B KapMaHe N0-
rapumMuyeckyr NMHenKy, ymeTb paboTaTb C KOTOPO monaranocb M Kax-
JOMY LWKOMbHUKY.

MosaBuBLUAACA NErkocTb B BbIMOMHEHUWN CaMUX BbIYUCAEHU obocTpuna
APYTy npobseMy — NMOHMMAET /1M YeNI0BEK, YTO OH X0YeT BbIYUCAINTbL, KakK
eMY MOCTaBUTb BbIYUCINTENBbHYIO 3aa4y KOMNbIOTEPY UM APYTOMY TEXHMU-
YeCKOMY YCTPOWCTBY, KaK MepeBecTM 3Ty 3ajady Ha MOHATHbIA 3TOMY
YCTPOMNCTBY A3blK. [pn BbIYUCAEHUN CTEMEHEn Hafo HayunTbCca BUAETb 3a
pas/iIM4HbIMN Ha3BaHMAMU N 0603HAUYEHUAMU UX 06LLYIO CYTb, owyllaTh
CBSA3b MEXAY HUMMW, NPUO6GPECTN ONbIT U YBEPEHHOCTb B TOM, UYTO Bbl BCErja
(MOXeT 6bITb, C MOMOLLLID KHUT U y4YUTeNel) CMOXeTe pa3obpaTbeca B 3any-
TaHHbIX U TPOMO3AKUX hopMynax.

Jlorapndmbl (HeCMOTPSA Ha CA0XHOCTb UX 0603HaAYEHMA) KakK pas n npu-
crnocobneHbl K TOMY, 4TOObl CBA3aTb BOEAUHO pasfiMyHbIE 3ajayun, CBA3aH-
Hble CO CTEMEHAMMU.

B BblUuMCAINTENbHBIX 3ajav4ax BCTPeYalTCA CTEMEHU PasNINYHbIX YMUCeN B

. (2,1)5-710
pasHblX COYETAHUAX, HANPUMEP, MPU BbIYNC/IEHUUN BbIPAXEHUA A = -—--— -—-—
Haf0 BO3BOAMTL B CTEMEHb pasHble Yncna, YMHOXaTb U AeNNTb CTeneHun. 3a-
YyemM TakK MHOTO0 cTeneHein? Henb3s N1 060ATUCL CTEMEHAMW KaKOro-To 0A4HO-
ro ocHoBaHua? KOHeYHO, MOXHO.

Ona BblunCcNeHnA BblpaXXeHNA A ¢ NOMOLLbIO KaflbKynaTopa, yMeL,ero

1054 .io 10%2
BbluncnAtb 10*, Hajo Bce uncna npmsBecTn K ctenedn 10: A = ——" - =
_ 106*1+H10%2-12*3" rpe k2un k3 — norapugmsbl ymucen 2,1; 7 n 3 no ocHoBa-
HUo 10. BHMMaTEeNbHbIW YnTaTeNb MOXET AOMO/HUTENbHO 3aMeTUTb, UTO

_ 37

2,1 M cgenatb ynpoweHunsa: A =t 7*3+152-5, n3baBuBLUNCL OT fora-

pugpma umncna 2,1.

MpaBusa BbIYUC/IEHUS CcTeneHel

Mepsoe npasuno. BelbpaTb 04HO YJ06HOE OCHOBaHWe, Hanpumep a, u
npuBecTn NOOYI0 CTeneHb K OCHOBAHMWIO 0, T.e. MPeACTaBUTbL OOy cTe-
NeHb CX B BUAE akKX MPW HEKOTOPOM K. OTOT KO3IDPULMEHT K U ecTb fora-

pugm: ¢ =a}°gaC nosTomy, o603Havan logac vepes K, nonyumm: cx={alogc)x =
=akx. 3TO NpasBunI0 NO3BOJIAET NO/Ib30BATHCA KAKNM-TO OffHUM OCHOBaHUEM.
B HeKoTOpbIX 3afayax ygo6Ho 6paTb a = 10 (gecATUUHbIe norapudmebl), B Apy-
rmx (0cCo6eHHO ANCKPeTHbIX 3ajavyax) — a = 2, B TPETbUX — YHUBepcasbHoOe
OCHOBaHWe e, KOTOPOe yA06HO B Tex cayyasax, Korga npuxoanTcsa oLeHnBaThb
CKOpPOCTb pocTa (HaTypajbHble norapumel).
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B nsaTylo rpynny BK/KOUYEHbI [Be aKCMOMbl O HEMPEPbIBHOCTU, B TOM YuC-
Nle TaK HasblBaemasi akcmoma Apxumeaa: «lMpu no6bix 0Tpeskax anb Mox-
HO OT/NIOXWTb BAO/Mb bOTPE3KW, paBHble a, CTOMbKO pas, YTO OHU MOKPOKT
0TPe30K bw.

HeeBknungoBa reomeTpus

B TeueHMWe ABYX ThbICAY /16T HUKTO He cOMHeBancsa (U He COMHeBaeTcsa Mo
ceil fleHb) B LLEHHOCTM aKcMomaTukm EBknuga. EAMHCTBEHHbI BONpOC, K KO-
TOPOMY MOCTOSIHHO BO3BpaW,anncb Kak NpogeccuoHasnbHble MaTeMaTUKM,
TakK U Nbutenun, coctoan B cnegyrwem: «Henb3a nu gokasaTb, BbIBECTU
NATbI nocTynaT EBKAMAA U3 0CTasibHbIX aKCMOM KaK HEKOTOPYHO Teopemy».
Mo aTomy BOMpoOCY 6bINM HaNUCaHbl ThICAYM KHUT U CTaTeR, HO Ny4llee, YTO
yhaBanocb caenaTtb, 3TO 3aMeHUTb aKCMOMY 0 NapanjienbHOCTU APYIUM yT-
BEpPXXAEHMEM, KOTOpOe Kaszasocb ropasgo 6osee o4eBUAHbIM (M MOTOMY Yac-
TO YyNycKanocb M3 BUAY), HO KOTOpPOE 0Ka3blBasoCb COBEPLUEHHO PaBHOCU/Ib-
HbIM NATOMY MocTynaTty.

K cepegunHe XI1X B. cTano AACHO, YTO NATbIA NOCTy/NaT He3aBUCUM OT OC-
TanbHOM akCcMoMaTMKn EBKAnga B TOM 3amedaTesibHOM CMbIC/e, 4YTO, foba-
BMB K 3TO OCTaNlbHOW CUCTEMe akKCMOMYy, OTpuLalLWwyo NATbIA nocTynar
(Hanpumep, B Takoli hopme, UTO Yepe3 BCAKYI TOUKY NPOXOAAT MO KpariHelh
Mepe ABe NpsAMble, NapanfesbHble JaHHON), Mbl NOJIY4YMM HOBYIO, HENPOT U-
BOPEUYUBYI, CUCTEMY, B KOTOPO MOXHO BbIAeNUTb CTO/b Xe AafeKue n co-
fepXXaTefibHble TeOpeMbl, KaK Te, KOTOpPble 6bIIM NOSIy4YeHbl B reoMeTpumn
EBknnpa.

Takas cuctemMa, B KOTOPOW BbINOMHAETCA YKa3aHHbIA CAUCOK aKCUOM
(BKNKOYasa oTpulaHme NATOro0 nNocTynarta), cTajsa Ha3biBaTbCA «HEeBK/INAO-
BOW reomeTpuei». BnepBble TaKyl CUCTEMY HYeTKO onucan 3ameyvaTeSbHbli
pycckuii matematuk H. . Jlo6auyeBCKUA, KOTOPbIA BbICTYNUA C AOKAAAOM
B KaszaHCKoM yHuBepcuTeTe B 1826 r., a yepes3 yeTblpe roga nogpo6bHO u3-

Pycckuii maTeMaTuK; aBTop «"eOMETPUYECKUX UC-
crnefoBaHWii No Teopuy napannenbHbIX NUHU», Me-
peBefleHHbIX Ha HEMEL KU A3blK, co3aaTe/lb «HeeBK-
NNA0BON reomeTpum» (reomeTtpus Jlobauesckoro). Ero
HasBanu «KonepHMKOM B reomeTpum», TakK Kak OH
NOTHOCTbIO NepeBEPHYN BCIO CMOXKMBLUYIOCA CUCTEMY
B3r/15110B Ha reOMeTpuIO.

[na pasBuTMA MaTeMaTVKKN 0Ka3aJncCb BaXKHbIMU
He TONbKO KOHKPETHbIE TeopeMbl, fJoKa3aHHble Jlo6a-
YEeBCKUM, HO B 3HAUYUTENbHO 06ONbLUE CTENeHW ero
noAxof K OCHOBaHMAM HayKu. Bnuskue pesynbTathl
6blnn nonyyeHbl N K.Cayccom, HO eMy He XBaTuW/o
CMeNIoCTM [JOBECTU MX A0 KOoHLa M ony6nnkoBaTb, HO
XBaTWNO HAay4YHOW 4YeCTHOCTU MpefcTaBuUTb Jlobaues-

Hwukonaih N\BaHOBUY CKOr0 K M36paHnio 41eHOM-KOPPECNOHAEHTOM [eTTUH-
No6ayeBCKuii reHCKOro y4yeHoro obuiectsa M IMYHO U3BECTUTb €ro
(1792 — 1856) 06 nsbpaHun.
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puaHToB 6yZeT paBHO npousBefeHuio 5 3 4 3 =
= 180. 3T0 NnpuMep Ha 0606w eHMe NpaBuIa yMm-
HOXXeHUA. Mbl cocTaBNsAeM He TOJIbKO napbl, HO
N Habopbl N3 4BYX, TPeX, YeTbipex 1 60see 06b-
eKTOB.

3. ABTOMO6UbHBIE HOMepa. ABTOMOOU/b-
HbIli HOMep COCTOUT M3 Tpex BYKB U Tpex uudp.
Mcnonb3yetca 20 6yks un Bce 10 uudgp. Homep,
UMelLWwnii Bce 3 HyNA, TakxXe 4ONyCcTUM (Hanpu-
mMep, AOOOAA). CKOMbKO MOXXHO U3rOTOBUTH Ta-
KNX HOMepoB?

Y Homepa 6 MecT. lNepBoe, NATOE U LWecToe
npeAHasHauveHbl 1A 6yKB, BTOPOe, TPETbe, YeT-
BepToe — AnA umdp. 3anosHeHne MeCcT nNpowuc-
XOAUT HEe3aBUCUMO APYr OT pyra.

OTseT: 20 10 10 10 20-20 =8-10e.

4. Yucno cnos. B angasute 4 6ykBbl. CKOJb-
KO MOXXHO COCTaBUTb CNoB 13 BYKB 3TOro anga-
BUTA, MUMeLW X He 6onee 3 BYKB?

Ywucno cnos gnunHel k n3 andasnta B 4 6yKBbI
paBHO 4*. MHOXeCTBa CN0B pasHOW A/IMHbI He
NMelT 06 MX 3NeMeHTOB. NMpuUMeHsaeM nNpasunso
CNoXeHunA.

OTeeT: 4 +42+43=4 + 16 + 64 = 84.

5. YUucno yyeHnMKoB. B Knacce Kaxpgblin yue-
HUK M3y4aeT KakKon-Hnbypab s3blK. Mpu 3Tom 20
YYEHMKOB M3y4dalT aHFNNACKNA, 12 — dpaH-
LY3CKWUI, a 7 y4eHMKOB — 06a fA3blka. CKO/bKO
YUYEeHUKOB B Knacce?

Ecnn cnoXunTb KO/IMYECTBO YYEHUKOB, U3Y-
YalLWnX aHrNNACKUA N paHuy3CKNA A3bIKY,
TO Mbl YYTEM BCEX YYEHUKOB, HO TEX, KOTOPbIE
n3y4yarwT fABa A3blKa, 3acYUTaeM [BaXAbl.
MpumeHsAeM NpaBuio0 BKAKYEHUA — WUCKIJIIO-
YyeHUA.

OTsBeT: 20 + 12 - 7 = 25.

6. «XoT4a 6bl 0guH pa3». [Ba pasa Nojpsaj
6pocatoT urpanbHy KocTb. B Kakom uwucne cny-
YyaeB X0TA Obl OAMH pa3 BbliNajeT uugpa 6?

Bce cnyyan pa3obbem Ha fjBa Knacca: HU pasy
He BbinagaeTt ungpa 6, XoTb pa3 BbliNagaeT Lud-
pa 6. O6LWMX 31EMEHTOB Yy 3TUX KNacCoB HeT.
Bcero Bo3mMOXHbIX BapnaHTOB, T.e. YUC/O0 MoC-
nefoBaTeNnbHOCTel M3 ABYX LMdp npu 3anace B
6 undgp, pasHo 62, npu 3anace B 5 yuudgp (BCe,
KpOMe LWeCcTepKKn) paBHo 52. NprnmMeHAeM npasu-
10 C/IoXeHunsa: 62= 52+ X.

OTBeT: 62- 52=11.

MeHto

Konm-

bnopo YecTBO

6ntog
3aKycka 5
MepBoe 3
BTtopoe 4
DecepT 3

Yuncno sapnaHTOB
obefa 13 yeTbipex 604:

5-34-3 =180.

ABTOMOGW/IbHbIE HOMEpa

A000AA
KonnyecTBO HOMEpOB:
20-10 10 10 20 20 =8 106

Ymcno cnos
KonnyecTBo 6yKB
B anasuTe — 4
OnvHa cnosa — k
Ywncno cnos — 4*

k=3=

no NpaBuay CA0XKEHUSA:
4 +42+43=284

Yuncno yyeHnkos
(h20~~~~127)

Yuncno yyeHMKOB B Knacce:
20+12-7=25

<«XoTA 6bl OAMH pa3>»>

Knacc 1: HM pa3y He Bbinaga-
eT umgpa 6.

Knacc 2: xoTsa 6bl 0gMH pas3
BblnagaeT uudpa 6.
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Bonpocbkl 1 ynpaXHeHusi

1. Kak onpefenuTb CyMMapHOe YUC/I0 3/1IEMEHTOB B ABYX MHOXeCTBax, ec/in U3BECTHO
YMNC/1I0 3INIEMEHTOB B Ka>XKAOM MHOXXECTBeE, Npnyem 4acCTb 3JIEMEHTOB MOXKET ObITb 00-

wen?

2. B yem cOCTOMT NpaBuIo YMHOXeHNA?

3. B TecToBOM 3afjaHuu YeTbipe NpuMepa. Ha Kaxablii NnprMep NpegioXXeHo 5 0TBETOB.
KakuMm 4nciom cnocoboB MOXHO BbIGpaTb OTBET Ha 3afjaHue?

4. VirpanbHas KocTb 6pocaeTcs ABa pasa nogpsj. Ans Kaxaoli BO3MOXHOW CyMMbl Bbl-
NaBLINX OYKOB MOACYUMTANTe UMC/I0 BO3MOXHbIX BapuaHToB. [poBepbTe: CAOXUB
BapuaHTbl A1 KaXA0W BO3MOXHOI CyMMbI, Bbl AO/DKHbI MO/y4MTh 06LLee YMC/I0 Ba-

prnaHTOB.

3aHaTtTmne 3

Uncno opbur

Opb6uta

— MHOXEeCTBO OAVHAKOBbIX (paB-
HOLLEHHbIX) BapMaHTOB

Pa3meweHna Al

— pasmMelleHne 6e3 MOBTOPEHUA
13 Kk 3/1eMeHTOB MO T 3/1EMEHTOB

Mpumepsl

e paccaguTb 6 4YenloBeK B PAL
MOXHO 6! (720) cnocobamu;

e paccagunTb 6 YenoBek 3a Kpyr-
Nblii cTon MoXxHo 5! (120) cno-
cobamu;

* COCTaBUTb KOJIOHHY M3 nap
«ManbynK—maeBoyKa» npuv Ha-
nmyumn 5 manb4nkKos n 5 geBo-
yeK MOXHO 5!5!25 cnocoba-
MWU.
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Kak npm KoM6MHaTOpPHbLIX noacuyeTtax
YyUUTbIBAOTCS KOMGUHAaLMN, KOTopbie
cumnTaroTCca oA4UHAKOBbLIMU?

Mpu nopcyeTe yncna BapnmaHTOB 4acTo NMpwu-
X0AUTCA CUYNTaTb OAMHAKOBbIMU (0OTOX[AeCcT-
BNSATb) BAPUaAHTbl MO0 HEKOTOPOMY MPMU3HaKY.
Ecnu 06beMHNTL BCe BapuaHTbl, KOTOPbIe CYU-
TalTCA 0A4MHAKOBbLIMW, TO NMONYYUM MHOXECTBO,
KOTOpOe Ha3biBalOT OpOMTOMN.

1. Kpyrnbiii cTon. Mocagum 6 4enoBeK B psAj,.
3TO MOXHO cfenatb 6! cnocobamn. Tenepb noca-
AUM UX 3a Kpyrnblii cTon. Byaem cumtaTb 0guHa-
KOBbIMW CNOCO6bI paccTaHOBKM Ntojeli, KOTopble
MO>HO MOJIy4YUTb NOBOPOTOM CTOMA MO KPYTY.

Bo3bMeM 04HY paccTaHOBKY M 6yjem rnoBopa-
ymBaTb CTO/1. Mbl nony4yumMm op6uUTY M3 LWeCTn
paccTaHOBOK. O6Lee uncno opbut byget B 6 pas
MeHbLUe, YeM YNC/I0 BCEX PaccTaHOBOK.

OTBeT: E =51=120.

2. Yucno nap. Mmeetca 5 manb4ymkos u 5 fe-
BoyeK. Kakmm 4nciom crnocoboB UX MOXXHO pac-
CTaBUTb B KOJIOHHY, COCTaB/IEHHYIO U3 Nap «Malib-
UMK — [eBOYKa»?

Bygem cumTtaTb 04MHAKOBbIMW KOMOHHBI, B
KOTOpPbIX ManbynK CTOUT Cnesa uaum cnpasa. Tor-
fa obuiee Yyncsio cnocoboB MOXHO MOACUYUTATb
cnefywowmm obpasom: BbIGOp paga gns manbuu-
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Mpumep

Bo3bmeM 10 06bEKTOB O4HOI0
copTa, HanpuMep KPY>XKOB.

MocTaBUM NX B paf n rnomec-
TUM MeXAy HUMW [Be Nnepero-
poaKu:

oooloooolooo

Meperopogkun pasgensat yncno
10 Ha 3 cnaraemblXx:

10=3+4+3.

Meperopogky MoOryT CTosiTb
psfgoM, Torja cnaraemble 6yayT
HYNsIMU:

oool looooooo

10=3+0+T7;
ooooooo0o000! |
10 = 10 + O+ 0.

Tenepb y Hac 12 mecT U Mbl
[O/MKHBI YKa3aTb fiBa U3 HUX, Tae
OyAyT CTOATb Neperopogkm.

3TO MOXHO cfieflaTb YUCIOM
€noco6oB, paBHbIM

O, =1211=66.
© 2

dopmMyny nerko 0606WmnTh:

ana pasbveHna ymcna n Ha k
cnaraeMblx noHagobutcsa k - 1
neperopogka, T.e.

r\k-1  _ il
"n+k-l rt+fe—de

OTsBeT: Cf2=66.

Bonpocbl 1 ynpa>KHeHus

NOSTYYEHHOr0 MHOXeCTBa X0TUM BblOpaTb Nof-
MHOXeCTBO 13 K + 1 afeMeHTa. o onpegeneHnto
3TO YUCMO0 paBHO Bce aTu BbI6OPKU paso-
6beM Ha fABa copTa — Te, KOTOpble cojepxaT
O0AVH A0b6aBNEHHbIN 3N1eMeHT, U Te, KOTOpPbIE ero
He cogepxaT. MepBbIx 6ygeT C* WTYK (0AWH 3ne-
MEHT yXe B3AT, a U3 0CTa/IbHbIX HaJ0 B3ATb eLle
K), a BTOpbIX — C*#L(BCce K + 1 afieMeHTOB bepyT-
CA M3 NCXOLHOI0 MHOXECTBA).

Tem caMbim C* + C* = C*#.

2) Pewnm gBYMA cnocob6aMu criefyioLLyto 3a-

Jauvy: U3 rpynnbl B a4YesioBeK Haj0 BblbpaTb KO-
MaHAy B K Yel0BeK M CPpefn HMUX Ha3HauYnTb Ka-
nMTaHa KOMaHAbl.

CHa4vana MOXXHO BblbpaTb BCHO KOMaHAy (4unc-
no cnoco6oB C*) nu u3 Hee Bbl6paTb KanuTaHa
(k cnoco6oB). Bcero nonyuntca feC* cnocobos.

MOXHO cHauyana M3 BCe rpynnbl Bbl6paTb
KanutaHa (racnocoboB), a 3aTeM U3 oCcTaBLIMXCSA
BblbpaTb K- 1 pAAOBbIX Y1eHOB KOMaHAbl (C*!*) —
Bcero nC*z\ cnoco6os.

PesynbTat: KC* =nC*:\, T.e. C*=~C"L
K

4, Yuncno ofHOUNEHOB aHHON KOHCTPYKLUH.

Kak nogcumtaTb 4Mcno ogHouneHos 10-i cTene-
HV c Tpemsa 6ykBamun a, bu c?

Kaxablii TaKo ogHOuYNeH MMeeT BUA aHELT,
rage k + 1+ T = 10. OTa 3agavya paBHOCU/IbHA Ta-
KOW: KakKMM 4MC/0M Cnocob0oB MOXHO npejcTa-
BUTb uncno 10 B BUAe yNOpALOYEHHON CYyMMBbI
Tpex HeoTpuuUaTesbHbIX LenblX Yncen:

10=10+0+0=9+1+0=9+0+1=
=8+2+0=8+0+2=8+1 +1=..uT.4.

1. Kakum yucriom crnocob6oB MOXHO Bbl6paTh [BYX YenloBeEK U3 cTa?
m2. KakuMm 4mncnom cnocoboB MOXHO Bbi6paTb 98 yenosek m3 100?
3. Kakue hopmMynbl 415 BbIYMCAEHMA YMCaa COYeTAHWUI Bbl 3HaeTe?

4. Bo cKo/bKo pas vucno aHarpamm cnoea AHATPAMMA MeHbLUe Yncia nepectaHo-
BOK fIEBATU pas/InyHbIX OYKB?

5. CKOMbKO pa3 BCTPETUTCA ofHOoYsIeH a3b/ Npu BO3BeAeHUM a + b B AeCATYI CTeneHb
6e3 npuBeAeHNA NOAO6HbBIX YEHOB?

6. Uemy paBHa cymma KO3p(ULMEHTOB B pasfnoxeHun (a + b)9?
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najeHne ABYX LWIeCTePOK MPeBbICUNN NOMOBUHY. OfHAKO ero onbIT Urpoka
CBUAETEIbCTBOBAN 0 TOM, YTO 3TO He TaK M Heobxoammo He 24, a 25 6poca-
HUA.

OTa 3ajayva fe Mepe (a OH ABNsAeTCA aBTOPOM elle HECKONIbKNX BaXHbIX
n 6onee TPyAHbIX BOMPOCOB) 6yfeT Ham BMOMHe No cunam. O6LLee Yucno
KOMOUHauUni celivyac y>xe Be/IMKO, HO TOUYHbIe BbluucneHusa Mackans noka-
3anun, Y4TO A0NSA YCNewWHbIX BaApMaHTOB Npu 24 6pocaHNAaX paBHa Npubénnsu-
TenbHO 0,4914 v nuwb npn 25 6pocaHUAX YyTb NPEBOCXOAUT NOMIOBUHY —
0,5055. Hapo 6b1s10 ONT0 UrpaTb B KOCTU, YTO6bl MOYYBCTBOBATb pasHuULy
MeXay 3TUMU ABYMSA Lpo6aMMU.

HecmoTpsa Ha To UTO KOMOMHATOPUKA SABNAETCA CTOMb APEBHUM pa3fesiom
MaTeMaTUKK, B LLUKONe ee U3yvyanu mano. MNMpounsowefwnii B nocnegHune ge-
CATUNETUA B3PbIB MHTEpPeECa K KOMOMHATOPMKe BO MHOTOM 06bACHAETCA Ha-
CTYN/IEHWEM KOMMbIOTEPHOM 3pbl U MOBbIWEHNEM POSN TaK Ha3biBaeMoii
OVCKPEeTHOU MaTeMaTUKN, UMEKOLLLER feno npexje BCero ¢ KOHeYHbIMU MHO-
XecTBamu. Hawei 3agaydeii sBnsetca o3HakKoM/ieHMe ¢ MeTogamm KoMOuHa-
TOPWKU, KOTOPble MO3BONAT BbipaboTaTb 06LWMe NPUHLMUMNBI PelleHns pas-
NNYHbIX MHTEPECHbIX 3afjay M NOArOTOBUTHLCHA K BOCNPUATUIO UAeE Teopuu
BEPOATHOCTEIA.
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5. CKO/IbKO pa3 NpMHUMaeT KaXK[0e CBOe 3HaYeHWe TaHreHC WIN KOTAaHreHc B npeje-

nax 0CHOBHOro nepuoga?

6. MpoBegnTe NOMHOE UCCMIEA0BaHME U MOCTPOMTE rpadinKnN crefyownx GyHKLWIA:

1) y =sin4x;

2) y =cos™;

3aHaTme 5

3) y =sinx + cosx;
4) y =sin2*;

7) y=-\ctg£;
8)y =1+tg2-.

5) y =2cosl &*?[ﬂ
6) y = -tg2x;

TpUroHomMmeTpuyeckne ypaBHeHUA

Mpumepsl
e sin2* = 1
OCHOBHOIH nepunog

T=7n
O6o03Haunm 2* =t, Torga

sint=— Ha npoMexyTKe
2

[0; 2T7C), (2=1b.
6 6

n 5n
OTBeT: X, =—, *, =—;
12 2 12

e 2(sin* - 2) =5sin* - 3.

MpoBogum anrebpanyeckue
npeo6pasoBaHusa: 2sin* - 4 =
=5sin* - 3; nonyynm

sin * = —.
3

HavmeHbW NI NONOXNUTENb-
HbIl nepuog T ans sin* paseH 21

Pewaem ypaBHeHMe Ha npome-
XyTkKe [0; 2n):

*I =arcsin - -arcsinL;

*0 = n+arcsin-
OTBeT:

-arcsin§+ 2nk;

arcsin—n(l+2n), k e Z,

eZ;
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UTo Nosie3HO umMmeTb B BUAY
npuv peweHnm TPUroHoMeTpuYecKmnx
ypaBHEHUN?

1. B TpUroHOMeTpPUYECKOE ypaBHEHNE BXO-
AAT nepuognyeckue yHkuuu. Moatomy nepep
pelleHneM ypaBHeHUs NOJIe3HO onpefennTb 06-
Wnii nepmoj Bcex BXOAALLUX B ypaBHeHUNE PYHK-
UMt 1 3aTeM UCKaTb KOPHU Ha NPOMEXYTKe 4/1u-
HOli, paBHOl nepuogy.

Haliga 3Ty KOpHW 1 3Hasa nepuog T, OTBeT
MOXHO 3anucaTb B Buge x = xt+ kT, rge xr—
KOPHW ypaBHEHUS Ha NPOMeXYyTKe AJINHbI T;
k — npoun3BonbHOE Lesioe Yucno.

2. PeweHne ypaBHeHNS 00bIYHO COCTOUT U3
ABYX yacTel — anrebpanmyveckux npeobpasosa-
HUIA, NPUBOAALLUNX YPAaBHEHUS K CTAHAAPTHbIM,
N 3anucuK peleHnini cTaHfapTHbIX YpaBHEHUA.

Mop cTaHfapTHbLIM TPUFOHOMETPUYECKUM
ypaBHeHVEM MNOHUMAaeTCHa ypaBHeHWe Bupia
f(kx) = a, rge f — ogHa N3 OCHOBHbIX TPUTOHO-
MeTPUYECKUX PYHKUWIA (CMHYC, KOCUHYC, TaH-
reHC AN KOTAHIeHC).

3. 3anuch peweHna cTaHfapTHOrO ypas-
HeHus.

1) sinx = a; cosx = a.

O6nacTbio 3HaYeHW CMHYCa N KOCMHYCa SAB-
naeTca npomexyTok [-1; 1], noatomy npwu |o| > 1
JaHHble YpaBHEHUSA peLlleHnli He UMetoT.

[anee nonesHo NOMHUTb KOPHW npu a = 0;

+1_ )I(')I(tl.
2’ 27 2’

Ha npomexyTke [0; 21) pewleHns ypaBHEHWIA
npu 3TMX 3HaYeHUAX NapamMeTpa Xopowo mn3Be-
CTHbI:
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3Ha4veHus tgx un ctgx pa3. Bbibepem B KayecTBe OCHOBHOIO MPOMeXYy-
ANA «3HaAMEeHUTbIX>> yr/10B n ﬂ'
ToK | 2‘; — 1l ana TaHreHca u (0; n) Ana KoTaH-

X tgx !
0 0 reHca.
3HayeHMA TaHreHca M KoTaHreHca NS «3Ha-
n V3 MEHUTbIX» YF0B WU3BECTHbI, NO3TOMY MOXHO
6 3 Nerko 3anucatb pelleHnsa 3TUX ypaBHEHUR npwn
n 1 73
4 a=0; +— ;%1; +n/3. B o6uwem Bnae BBOAAT 0060-
n V3 3HayeHUsa arctga u arcctga (apKTaHreHc n apk-
3 KOTAHTeHC) 418 YnCen, nexawmx B NPOMexyT-
n
2 Kax n (0; N) COOTBETCTBEHHO, TAHTEHC
MM KOTaHrFeHC KOTOPbIX paBeH a.
OKoHYaTeNbHO 06 M BUA PELUEHUA MOXHO
3anucaTtb Tak:
X ctgx
0 — .
tgx =a o x =arctga + kn, k e Z;
n 73
6 ctgx = a <>x = arcctga + kn, k e Z
n 1
4 4. Anrebpanyeckne npeobpasoBaHUa TPUTO-
n \Vs/3 HOMETPUYUYECKNX YPaBHEHUI, NPUBOASALLNE UX K
3 CTaH4apTHbIM, Mbl 06CYyAUM Ha npumepax, no-
n 0 Ka3blBas, KakK pewarnTca ypaBHeHNA HEKOTOPbIX
2 TUMOB.
5. TpuroHoMmeTpunyeckmne HepaBeHCTBa
BCTpeyawTCA JOCTAaTO4YHO peako. Mx Hapo pe-
waTb B rnpejenax OCHOBHOro nepuoja, UCNosb-
3ya rpaukK Man TPUTOHOMETPUYECKUA Kpyr n
MpriMepbl TPUFOHOMETPUYECKNX 3anuncbiBas 3aTteMm (Npu HeobXo0aMMOCTN) 06Kk
HepaBeHCTB BUJ peLleHuni.
* sinx >0;
* COSX <—;; Kak pellaroTcsd OCHOBHblIE TUMbI
. tg2x > 1 TPUTOHOMETPUYHECKUX YpaBHEHU
N HepaBeHCTB?
e ctgx =-1.
1. YpaBHeHNA, anrebpanyeckmne oTHOCU-
Mpumepsl TeNlbHO O4HOW U3 TPUTOHOMETPUYECKUX DYHK-
1. 2sinx +cosx = 2. Lunii:
Ecnu B 3TOM ypaBHEHUN 3ame- 1) 2 sin + 3sinx -2 =0.
HUTb KOCWHYC Ha CUHYC Unmn Ha- OT0 ypaBHeEHNE ABNAeTCA KBajpaTHbIM OTHO-
060pOT, TO NOYYMM ypaBHeHUe C
pagnkanamu. Utobbl nsbexaTb CUTEeNbHO Sin X. Ero KopHu: sinx = sinx =-2.

3TOr0, UCMOMb3yeM DOPMY/ibl, Bbl-
paxatolime CUHYC U KOCUHYC Ye-
pe3 TaHreHc NofoBUHHOTO yrna:

BTopoe M3 Nosy4YeHHbIX MPOCTENLLNX YPABHEHWNA
He MMeeT pelleHni, Tak Kak [sin x| < 1, pewe-
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Kakumu topMynaMu BbIFrOAHEE MOMb30BATLCSA MPU PELLIEHUN TPUTOHOMETPUYECKMX
ypaBHEeHWi 1 nouyemy?

. MpuaymMaiTe HECKOMBKO pPa3fIMYHbIX CNOCOBOB PeLLeHNs YpaBHEHNS sin2* + cos2* = 1.
10.

PelwnTe ypaBHEHUS:

1) sin2* :-i2; 5) tg2* v * = 3% &l sin* +cos?* =4—;
2) cos;—:izz; 6) sin22* =sin2*; !L'@) sftnx cosx 2142.
3) tg3* =-1; 7) (sin* + cos*)2=2;

4) cos2* =sin2*; 8) sin* +sin2* = 0;

BECEAA

N3 nctopmm TpUroHomMeTpun

TPUroHOMeTpUs BO3HUKNA M pa3BMBanacb Kak 4yacTb acTpOHOMUU. [103TOMY mUC-
TOPUIO TPUTOHOMETPUWN MPOCNeiUTb L0 UCTOKOB HEBO3MOXHO, Beflb 3a ABUXEHMNEM
HebecHbIX Ten nwoan Habnwopanu scerga. Kak ¢ umeHn EBknga MoXHO HavaTb OT-
CYET pPasBUTUA FEOMETPUM, TaK U UCXOAHYIO TOYKY B OMUCAHUU aCTPOHOMUU N TPU-
rOHOMEeTpUKN pasyMHO CBA3aTb ¢ MMeHeM Tonemesn (ok. 90 —ok. 160).

KnaBguii MTonemeid 6611 OAHUM U3 BNeCTAWMX APEBHErPevyecKUX MbiCaUTenNen.
Ero onucaHue Co/IHEYHOW CMCTEMbI B TedeHMe YeTbIpHaALaTh BEKOB, BMI0OTb 4O OT-
KpbITUii KonepHuka, 6b1/10 06WLENPUHATON cucTeMoli ycTpoiicTBa BeeneHHoli. Kak
«Hauvana» EBkAnga saknwyanu B cebe cBof MaTeMaTUYeCKUX 3HAHWI, NpuobpeTeH-
HbIX Ye/I0BEYECTBOM, TaK N «AnbmarecT» NTonemes npeactaBasn coboli NCXOAHYHO
SHUMKNONEANIO aCTPOHOMMUMN.

AcTpoHOMMYeckne Tabnuubl MNTonemes, coxpaHMBLLMECH [0 HALLUEero BPemeHw,
paBHO3HaYHbl TPUFOHOMETPUYECKUM Tabnumuam, No3BONAIOLWNUM BblYMUCNATE CUHYCbI
¢ warom 0,25° ¢ NATLIO BEPHbIMU LeCATUYHbIMUW 3HaKaMu. [1na nocTpoeHUs Tabnuy,
MToneme0 NPULLIOCL HE TONMLKO MPUMEHUTb CMOXUBLLYIOCA K TOMY BPEMEHU €BK-
NNA0BY FeOMeTPUI0, HO M loKa3aTb MHOIMO HOBbIX (DAKTOB.

Ecnu ¢ nmeHem [lekapTa Mbl CBA3bIBAEM BKJ/IIOUEHNE FEOMETPUN €BKIULOBLIX
«Hayvan» B 06LMIA KOHTEKCT MaTeMaTUKW, TO aHa/NOTMYHYI0 pPo/b AN TPUTOHOMET-
pumn nTonemeeBa «AfibMarecTa» Cbirpas HeMeLKUin maTemaTuk n actpoHom . Mion-
nep (1436 — 1476), 6osee M3BECTHbIN Nog nMeHem PermomoHTaH. Ero Tpyg «O Tpe-
Yyro/ibHMKax BCexX BMAOB» cofepxan Tabnuubl CUHYCOB C Warom 1' ¢ TOYHOCTbIO [0
CeMU [eCATUYHbIX 3HAKOB.

TpuroHomeTpuueckue yHKLUN

KopHu, cTeneHn v norapndmel, 4o TeX NOpP MOKa OHW cyXaT Ans ¢hopMys, npe-
o6pasoBaHuii U BbIYKCIEHWI, Mbl OTHOCUM K anre6pe. TOUHO TaK XXe CUHYCbl U KO-
CUHYCbI CO BCEM KaselilocKOMOM TPUTOHOMETPUUYECKNUX (DOPMYNT MOXHO OTHECTU K
3TOMY pasfefny MateMaTuku. HOBbIiA 3Tan B pasBUTWM U MPUMEHEHNN BCEX 3TUX NO-
HATUIA HacTynaeT Torja, Korja Mbl M3yyaeM M3MeHEHUe UX 3HAUYeHWU Mpu nsmeHe-
HUWU aprymeHTa (Yncna unu yrna). 3Hasi, Kak BbIUUC/SIOT CUHYC, KOCUHYC, TaHTEeHC,
KOTAHTeHC A/11 MPOU3BOJILHOIO YMCIa, MOXHO MOCTPOMTb COOTBETCTBYHLLNE PYHK-
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Kak 6biin 3agaHbl yHKLUUN,
KOTOpble BCTpeydasimcb paHee?

1. InHeHble YHKLNN.

3TN pyHKUMKM 3aparoTca gopmynoii y = kx +
+ b, rge kK 1 b— onpegeneHHble vucna.

O6bIYHO cymuTaloT, 4To Kk ®O0.

Mpn k=0 PyHKUKNA y = baBnaeTca NoOCTOAH-
HOWA.

O6nacTblo onpegeneHns QyHKUMM y = kx + b
cyuTaeTcsa BCA 4yucnosas ocb: D = R (ecnm He
HaJ/I0XXEeHO cneymanbHbIX OFPAHUYEHUIA Ha 3Ha-
YeHWe aprymeHTa ;).

2. MHOTo4YNeHHble YHKLUN.

3T MYHKLUKN 3afal0Tcsa CeayowmuMm MHO-

rouyneHamu: y = = amxn+an_rxn"l+ ... +ax +
+ a0, an ®0.

NuvHeliHble PYHKUUN BXOAAT B 3TOT Kjacc
DYHKUNIA.

MHoOrouneHHble MYHKLUN MOXHO pas3nivyaTb
Mo CTeneHW MHOro4YneHa: KBagpaTuuHbie (N = 2),
Kybuueckume (n =3) n 1.4.

EcTecTBeHHOI 06nacTbio onpefesieHNUss MHO-
roYneHHbIX QYHKLUWA cunTaeTcs BCA 4ucioBas
ocb: D = R.

3. PauvnoHanbHble yHKLUN.

OTU YHKUNN 3aJal0TCHA OTHOLWEHUAMU ABYX

MHOTOY/IEHOB: Yy = PX) ,rge P(x) n Q(x) — MHo-
Q(x)

rOY/eHbl.

MHOro4YneHHble PYHKLUMM BXOAAT B 3TOT
Knacc QyHKUWU, Tak Kak B Buae Q(X) MOXHO
B3ATb MOCTOAHHYIO Q(X) = 1.

O6nacTb onpefesieHNs pauMoHanbHON DYHK-
UMM — MHOXECTBO BCeX YMCEN X, 3a UCKoYe-
HUEeM Tex, NPU KOTOPbIX 3HameHaTesb Q(x) 06-
pawaetca B Hynb: D = fc e R | Q(x) @ 0}.

4. CTeneHHble PYHKLMKN C 4POOHLIM MoKasa-
Tenem.

3Tn yHKUMK 3agatoTca popmynoii Bugay =
= XT, T4e I — HEeKOTOpOe YWUCNA0, OT/INYHOE OT
Hyns.

ACHO, 4YTO ecnn I — HaTypasbHOe 4Yucno, TO
nosyyaeTca YacTHbIA cryyalh MHOTFOUYIEHHOM
OYHKUWW; ecnu I — Lesioe oTpuLaTesibHoe Ymc-
10, TO MMEeM YacTHbIN cnyyan paumoHanbHOM

DYyHKLUN.

JInHelViHble doyHKLMN
y =kx +b
K® 0
D =R

MHoOrouneHHble yHKUUN
KBagpaTuuHble (ra= 2)
y =a2x2+ax + a0
D=R

Kybuyeckue (ra= 3)
y =ad3x3+aXx2+axx +al

D=R

PaumoHasibHble YHKLUM

AT
Yo

roe P(x); Q(X) — MHOrouseHsbl.

D ={xeR[Q(X) 0}

CTeneHHble yHKUUN
C ApPOOHbIM Nokasartesnem
y = XTr
roo

HacTHble cnyyan-.
r=N — MHOroudseHHas ¢yHK-
. ums;
re b — paynoHanbHas PyHK-
uunsa
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ApudmeTnyeckme geincTeus
Haa PyHKUNSAMUN

Mpumepsl,
l.i/ =-/£-—.3Ta pyHKUMA No-
nar-1

ny4dyeHa 13 NpocTeAwnx ¢ Nomo-
Wb apudmeTnyecKMx onepa-
unin. Ee obnacte onpegeneHns —
BCe UuCna, KPoOMe Tex, AN1S KOTO-
pbix X2 - 1 =0. AnAa KpaTKocTu
obnacTb onpegeneHUss MOXHO 3a-
nucatb Tak: D = {m e R | x * 1}
nnun npouwe D: x * £1.
sin*

nosiyyaetcs fiefleHMemM cuHyca Ha
KocuHyc. Ero obnacte onpege-
NleHnsA — BCe yucna, Kpome Tex,
41 KOTOpbIX cos X = 0;

D :1|xeK|n:’\ ?-I-kn, k€Z

3. Ecnn HeobxoaMMO BbIMON-
HATb apuMeTUYECKMe onepaLuum
Haj PYHKLUAMMN, UMEOLLMMN pas-
Hble 06nacTu onpegeneHuns, To be-
pyT 06L1yt0 YacTb obnacTeil onpe-
JeneHus.

DPyHKUMIO BUba Y :;+\Jx+ 1
MOXHO CUMTaTb CYMMOW (hyHKLNIA
y :X— n y = Vx~+T. O6weli obna-
CTblO onpegeneHnsa 6ygeT MHOXe-
ctrBo D= {x~0,x>-1, ke Z.

Komnosnuyma aByx yHKUWIA

Mpumepsl

1. Nyctb AX) =x2,g(x) =sinx.
(/ 0g)(x) =/(sin x) = sin,
(g ° )(x) =sin x2.

2. y=\ll-x2. ®yHKUUIO Y
MOXHO MpefcTaBUTb B BULE KOM-
nosvunm yHkuuii: g(x) = 1 - x2
ni(x) =ylx, y=(°9)(x)=f(g(x)) =
=V1-x2. Ona HaxoXpaeHus o6-
lacTuv onpefesieHNnA HY>XHO B3ATb

3HaYeHMs X, AN KOTopbIX 1- X2>
>0, T.e. D =[-1; 1].
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Komnosuuyus — 3To nocfefoBaTe/lbHOe Npu-
MeHeHMe ABYX UM HECKONbKUX DYHKLWA.

Komno3nyma dyHkunii f n g yacto o6o3Ha-
yaetcs f°g. OHa ocywecTBasseTCA N0 Cnefyto-
wemy npaBuny:

(/2 £)(*) = f(9(x)),

T.e. K 3HAYEHUI0 aprymMeHTa X cHadana npume-
HAKT YHKLUMWIO ¢, a 3aTeM K ee 3HauYeHuw g(x)
NPUMEHSAIT QYHKLUKLIO /.

O6nactb onpegeneHns komnosmumm fog

hyHKUMA fu g HaxoaaT Tak: 6epyT Te uucna x
13 obnacTwu onpefeneHus GyHKLUN ¢, 419 KO-
TOpbIX 3HayYeHnsa g(x) nonagatlT B o6nacTb on-
peaeneHnsa pyHkuyum /.
N4 . MocTpoeHne obpaTHOM hyHKUMKM. MycTb
faHa pyHKumsa y = [1x). Ecnu 13 aToro paBeHCTBa
MOXHO OJHO3HAYHO BbIpa3uTb X 4vepe3 y: (X =
=g(y))> TO noaly4ymMm HOBYI (PYHKLUWMIO, KOTOpas
Ha3blBaeTca obpaTHON K (pyHKumu f. Mapy
DYyHKUMA y - OX) n x =g(y) HasblBalOT B3aUMHO-
obpaTHbIMN PYHKUUAMU. VIMeOT MeCcTo ToXAe-
ctea f(g(y)) =y v g(f(x)) = x.

3ameTum, 4To 3aBUCUMoCcTN Yy = [IX) n X =g(y)
39KBMBa/IEHTHbI, BblpaXalT 04HY U Ty Xe CBSA3b
MEXAy NepeMeHHbIMU X U Y.

MoaToMy rpakm aTUX 3aBUCUMOCTEN B CUC-
TeMe KoopauHat xOy 6yayT coBnajaThb.

OpaHako, ecnv Mbl PYHKLMIO g 3aX0TUM 3anu-
caTb B 06bIYHOM Buge y = g(X) U NOCTPOUTL ee
rpauk B TOl XXe CUCTeMe KOOPAMHAT, TO Mbl
nepengem oT ToukM (X; y) K Touke (y; X). ToUKM
(X; y) n (y; X) CMMMeTpPUYHbI APYT APYTY OTHO-
CUTEe/IbHO NpsAMON y = x. MNo3Tomy rpadmnkun B3a-
WMHO-06paTHbIX PYHKUKIA Y = X) 'y =g(X) B
OfLHOW M TOW Xe cucteme KoopamHat xOy 6yayT
CMMMETPUYHbLI OTHOCUTENBHO 3TOW NPSAMOIA.

He ana BcAKOW QyHKUMM Yy = [X) MOXHO
NoCTPOUTb 06paTHYIo.

Hanpumep, cTaHfapTHble QYHKLUMM Yy = X2
MAN Yy =Sin X HE UMeT 06paTHbIX.

OpHako Ana KaXAoM M3 HUX MOXHO Tak
YMEHbLWNTbL 06N1aCTb OMpejeneHuns, 4To6bl Ha
Hell BbIMOMHAMNOCL YC10BUE OAHO3HAUYHOCTU pe-
WeHNA ypaBHeHUs y = [1X) Npu 3ajaHHOM 3Ha-
YeHUWN y U3 obnacTtym 3HavYeHUn PyHKUUN /.






3n



HevetHan dyHKUMRA






=

Yy y=f(x-a)+b

y=1(x)




CUMMETPUS OTHOCUTENIBHO 7. CMMMeTpuMA OTHOCUTENbHO KOOPAUHAT -

KOOpAMHATHBIX ocei HblX oceil. Mepexod oT GyHKUUN Yy = [1X) K PYH-

* CUMMETPUS OTHOCUTENbHO Kunmy = A-X) COOTBETCTBYET CUMMETPUYHOMY

ocm Ox OTPaXXeH rpamkKa OTHOCUTE/IbHO OCU OpPAW-

y = Ax) >y =-1x); HaT. 3amMeTuUM, 4YTO PYHKUNA y = /(-X) MOXeT

UMeTb MHYH 061acTb onpeseneHns, Yem yHK-

* CUMMETPUSA OTHOCUTE/NIbHO unay = [1x), ecnvn obnacTb onpefeneHns QyHkK-

ocu Oy umn f He CMMMeTPUYHA OTHOCUTE/ILHO Ha4dana
y =A%) ->y = [1-X). KoopaunHar.

AHanornyHo nepexog ot yHkuun y = f(x)
K QyHKUMM y =-f(X) cOOTBETCTBYET CUMMETPUY-
HOMY OTpPa)KeHuto rpaduka OTHOCMTENIbHO OCK
abcuymce, NOTOMY UTO TaK CMMMETPUYHO pacno-
NOXEeHbl TOYKN (X; y) 1 (X; -y).

Monb3ysAcb Tpemsa Tunamu npeobpasoBaHus
rpamkoB — napansefnbHbIM NEPEHOCOM, pacTa-
XeHuem (cXkaTmem) BAOMb OCel KOOpAMHAT ”
0CEBOW CMMMETPUER, MOXHO, UCX0AA U3 rpadu-
Ka PyHKUMn y = [1X), NOCTPOUTb rpadmnkK PyHK-
ummn y = kf(I(x - a)) + bnpu n0bbIx 3HaYEHNAX
napameTtposB a, b, k un I.

Bonpockl 1 ynpa>KHEHUsI

1. YT0 Takoe 4eTHaa yHKUMA?
2. Mpn Kakom ycnoBun YyHKUKSA, 3agaHHas MHOMOUYIEHOM, SIBASETCA HEeYeTHOI?

3. Kakoe TpeboBaHue npegbaBnseTcs K 061acTu onpefeneHns YeTHONM U HeYeTHON
PYHKLMIA?

4. Kakasa pyHKUUA SBNAETCA NepuognyecKon?

5. MpuBeanTe NprMMep NePUOLMNYECKON YHKLUN.

6. Kak bygeT nepemeLlarbca rpadvk GyHKUUN Yy = [1X - &) Npy U3MEHEHUN NapameTpa
a?

7. Kak byaeT nepemewiatbes rpadmk pyHkummn y = f(x) + b npu nsmeHeHMn napame-
Tpa b?

8. Kak 6ygeT nepemewiatbcs rpaguk GyHKuum y = X - a) + b npy n3MeHeHUM
napameTpos a n b?

9. Kak cBs3aHbl MeXay co6oi rpadmkm yHKUmMin y = Ox), y = 4-X) ny =-0x)?

10. Kak cBsizaHbl MeXay co60i obnactu onpegeneHns yHkumnii y = x), y = Ax - a),
y=0x)+by=[0-x) ny =-x)?

11. Kak 6yfeT MeHATbCA rpadmk dyHKuun y = f(kx) npu nsmeHeHnn napamvetpa ft? OT-
BETbTe Ha Takoli e Bonpoc Ans yHKuum y = ft/(x).
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m BECEAA



PeHe fekapT
(1596 — 1650)

dpaHyy3ckuin uaocod 1 MaTemaTuK, GU3NK K
unsmonor; aBTop paboTbl «PaccyxpaeHune o metoge»
(1637 r.). B reomeTpuyeckomM MPUAOXKEHUN K 3TON
paboTe OH 060CHOBLIBAET FeOMETPUYECKNIT MEeTOo[ pe-
WEeHNSA YpaBHEHWI C MOMOLLbIO CUCTEMbI KOOPAWUHAT,
KOTOopasi ¢ TeX NMop HOCUT ero UMs. 3as10XKn/ OCHOBbI
COBPEMEHHOI0 Hay4YHOro MbILEHNS.

DYHKLUM NpeAcTosN ewe ACATUIA NyTb pasBUTUSA,
MoKa OH He NpMBeN K TOMY, KOTOPbIM MOMb3yOTCA
celiyac B MaTemMaTVKe 1 ee NPUMOXKEHUAX.

B 1718 r. 6nectawmnii yueHunk . JleinbHuya No-
raHH BepHynnu gan cnegytouee onpegeneHue: «dyHKUMeli nepeMeHHOl Be-
NNYUHbI Ha3biBalOT KOMMYECTBO, 06pa3oBaHHOe KaKMM YrogHo cnoco6om 13
3TOV MEepPeMeHHOW BefIMUYMHbI N NOCTOSAHHbIX». Becb XVIII B. npoxoagnn B
ABHOM M HessBHOM CMoOpe BbljalwlWuxca matemaTtukos (4. dinepa,
XK. O’Anambepa, XK. dypbe U Ap.) 0 TOM, YTO C/lefyeT NOHUMATb Nog PyHK-
umen. STOT cnop He 6bl cX0nacTUYyecKMM. OH BO3ZHWK U3 pasiMYHbIX pe-
LWEeHN BaXHOW NpaKTNUYecKol 3agavm o opMe KonebaHUi CTPYHbI U B KOH-
Lle KOHL,0B 3HaUYMNTEe/IbHO paclmpua NoHATUE DYHKLUK, NPUBEN K OTKPbITUO
HOBbIX BaXHbIX CMOCO60B ee 3ajaHna (Hanpumep, B BUAe HaNOXeHUA bec-
KOHEYHOro Konm4yectsa KonebaHwuii).

B 1855 r. BeNIMKUiI pycckuit matematnk H. V. Jlo6aueBCKUil fan BNOHE
COBPEMEHHOe onpegeneHne GyHKLUK, KOTOPoe B POPMYNNPOBKE HEMELLKOTO
maTeMaTuka J1. Aupuxse 3By4YUT Tak: «lepemMeHHasa y ecTb PYHKLMSA NEPeMeH-
HOM X, ecnu KaXioMy 3HaYEHUIO X COOTBETCTBYET COBEPLUEHHO ONpeseneHHoe
3HayeHune y, npnyemMm 6e3pas3IM4yHO, KaKum 06pasom ycTaHOBMEHO 3TO COOTBET-
CTBME — aHaNNUTMNYeCKOM hopmynoi, rpadmkom, Tabnuuen nnbo gake NpocTo
cnoamMu». B faHHOM Kypce Mbl paKTU4YecKn cnegyem 3TOMY OMpeaeseHuo.

JanbHenwee pasBuTMe MaTeMaTUKN NOKasano, YTo HeMb3A OFPaHNYNTb-
CA NMUWb KaKUMU-TO «NPOCTO» ONUCbIBaeMbIMMK cnocobaMmn 3agaHns GyHK-
Unin, ropasgo nosiesHee 4ONYCTUTb /11060 MbICIUMbI CNOCO6 COOTBETCTBUSA
MeXAy nepeMeHHbIMK. OTO NpuBeno B Hadase XX B. K OTYET/IMBbIM (hop-
My/MPOBKaM MOHATUA PYHKLUWUM KaK O0ToOpaXKkeHWs, KOTopoe MO3BOMSAET
KaXXioMYy 3/1eMeHTYy AaHHOr0 YMCI0BOr0 MHOXECTBa 04HO3HAYHO NOCTaBUTb
B COOTBETCTBME LpYroe 4yucno.

Takoe NMOHMMaHWe PYHKLUN, pacnpoCcTpaHeHHOe K TOMY XKe He TO/IbKO
Ha yncna, HO U Ha MHOXKecTBa MPOU3BO/IbHbIX 06BEKTOB, CUIbHO 060raTuI0
BO3MOXHOCTM MaTeMaTUKU.

Pa3BuTue BbIYUCANTENbHON TEXHUKUN N ee maTemMaTM4yecKoro obecnede-
HUSA MPUBENO K U3MEHEHMWIO B3rnsja Ha PYHKLUMIO B JPYroM HanpaB/ieHUN.
MalmrHa MOXeT MMeTb Aeno ¢ QyHKLUMed Nuwb Torga, Korga cnocob Bbl-
YNCNEHUS ee 3HAYeHWI 3afaH TOUYHbIM NpegnNUcaHNeM, anropuTMom. Hako-
Hel, UCTOYHUKOM Pa3BUTUS MOHATUSA (YHKUWUK siBUNAacb (U NpojosixaeT
ocTaBaTbCs 40 CUX Nop) hu3MKa, KoTopass noTpeboBana OT MATEMATUKOB CY-
LLeCTBEHHOI0 0006LEeHNA MOHATUA DYHKLMNN.
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MpownssogHasn
pyHKUUM y =x3
4. y =1(x), roge /(x) =x3.
lMpoBefeM BblUYNCIEHUSA:

Oy  (x+0x)3-Xs _

AXx AX
_ X3+ 3X2Ux+3X(J1x)2 + (J1x)3 - X3
AX

= 3x2 + 3xAx + (Ox)2.
Mepexoa K nNpegeny B Takom
BbIP@XXEHWMW He cocTaB/seT Tpyga:
nepBoe cflaraeMoe MOCTOAHHO (He
3aBucnT ot Ax), a 06a Apyrux
CTpemMaTCca K Hynto. MNonyyaem:
(x3" = 3x2

(xm'=nxn 1

H o

Mpou3BoaHas Cro>KHOM
N o6partHoli yHKLUMIA

¢« (f9(3)))" = f(9(x) 9'(x) —
hopmyna NpPon3BOAHON CMOXHO
pyHKLUN;
e §8'(x) =
(x) W x))
NPOV3BOAHOI 06paTHOM PYHKL MK,

— thopmyna

BbiBO, hopmysibl
AN Npon3BoaHOM
o6paTHOW hyHKLNN

Myctb f 1 g — ABe B3aMMHO-
obpaTHble PyHKLUKN. 3TO, B YacT-
HOCTU, 03Ha4vaeT, uTo /(g(X)) = X.
MpognddepeHLMpyeM 3TO TOX-
pectso: f1(g(x))g’(x) = (X)' =1,
T.e. 9(x)=—%—-1 —aTOMecTb

T e )
thopmyna gna npov3BOAHON 06-
paTHOW yHKUMK. OHa MMeeT Ha-
rNAAHbIA FeOMEeTPUYECKUIA CMbICTT.

178

3aMeTuM, 4YTO 3Ty (hOPMY/Ny MOXHO Mepenu-
caTb Tak: (gr'"' = (-rax™”""L Bugum, 4T0 OHa aHa-
nornyHa opmysie NPOU3BOLHON CTENEHU C Ha-
TypasbHbIM NokasaTesieM. MOXHO 06beAUHUTH
4Be hopMy/ibl B OfHY, BEPHYH KaK Mpu NoJi0XMu-
Te/bHbIX, TaK U NpU OTpULATENbHbIX LesblX
yncnax: (x*)' = kxk~l. dPopmanbHO OHa BepHa u
npun k = 0. Nanee 6ygeT nokasaHo, YTO OHa Bep-
Ha He TO/bKO MpU LenbliX, HO U Npu N06bIX Be-
LW eCTBEHHbIX K.

NMoyemMy BbINO/IHAKOTCA
chopmMyMpoBaHHble npasuia
anddepeHymnposaHuna?

Mpu fokasaTenbCTBE MPaBUI BbIYUCIEHNSA
NpPOM3BOAHONM NOMb3YOTCA ONpejeneHNeM nNpoms-
BOAHOW KakK mpefena OTHOLIEHUS MpupaLlleHns
DYHKUMU K NpUpalleHnto aprymeHTa, T.e. Kak
npegena cpegHeii CKOpoOCTU U3MEHEHUS PYHKLMN.
MocMoTpuM, KaK BegyT cebsi cpegHMe CKOpoCcTyU Npuy
apuMeTMUeCKNX onepaumnsax Haj hyHKLUAMU.

Bosbmem gBe yHkuum fug, sagukcupyem
aBe Toukn x0u x. CpefiHIOO CKOPOCTb Ha NHTep-
Bane oT x0 40 X 3aMuMLIeM Kak wucp.

1) Nerko npoBepuTb, 4To Ucp(/ +g) = vgy(f) +
+ vep(g) m vep(cf) = cvep(f).

OeictBuTenbHo nonyuumm vep(f + g) =

(/+9)(x)-(/+g)(x0)  f(x)+g(x)-f(x0)-g(x0)
x-x0 x-x0
- +HW iiW ,,,.m +
X - x0 x - x0

BTopas hopmyna npoBepsieTcs CTO/b Xe Npo-
CcTO.

MoHATHO, YTO NpPW Nepexoje K npefeny fox-
HO COXPaHATbLCA TO XXe COOTHOLWEeHMe. ITO criefy-
eT 13 npaBuia BblYUC/EHUA Npejesa CyMMbl.

2) CpefHASA CKOPOCTb NPOU3BeAEHNS BblUunC-
NAeTCA CNOXHee:

_ (fg)(x)-(fg)(x0)

vcAfg) = «-x 0
_ 1(x)g(x)-/(x0)g(x0)
X-x0

UTo6bl MOHATh, KAK0e HY>HO cfienaTb npeob-
pasoBaHue, BCMOMHUM TaKOW Npuem:



vcp(fg) =

Afg(x) + f(xo)Ag _
x = Xo

cp







1 -
1
cos?x’
- 1 .
sin?x’
; 1
= - 1 i
Vi-x2’
- 1 .
N
1
" 1
Inx
(m -1 .1 _ 1
S
% il D'_ ‘n x) : * 1
— e = = @ *__ -1
® e .2 ox x—ax"






k<0



JKcTpemyMbl QYHKLUMH
+ 0 -
r \,\i'
/ :
max
min =
Xg x
il - +

0

f

f'(x0) =0



0 2
y=x*
y
0
X
y=-x

Touka mepernba X

Touka nepernba x
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Bonpockl 1 ynpa>kHeHus

1. Kakoii NnpsiMoyronbHWK faHHOW N/IoWafM MMeeT HauMeHbLUW NepumMeTp?

2. Kakue BeNUUYMHbBI SIBASIOTCS NMPOWN3BOLHOIA:

a) paboTbl MO MepeMeLLEeHNIO;

6) paboTbl MO CKOPOCTHU;

B) 3/IEKTPMYECKOTO0 3apsifa Mo BPEMEHMW;
r) CMbl MO NMepeMeHHOol naowaan?

g b W

o

rpagMkK MmeeT B 3TOW TOUKe nepern6?

3aHaTMne 8

NMepBooGpa3sHas

Uto Takoe nepBoo6pa3Han?

1. Onpegenenna. Onepayns, obpatHas gng-
thepeHLMPOBaHMWIO, Ha3blBaeTCA UHTErpnupoBsa-
HueMm. C noMoLL b0 3TOM onepaunn 4N QYHKLNUK
y = fix), Bbluncnaerca HoBas PyHKUMA y = F(X),
Npon3BoAHas KOTOPOM paBHa GyHKuUmMK f: F'(x) =
= fix). Takaa pyHKUMA F Ha3biBaeTCcA NepBoo6-
pasHoin yHKuun f.

Tak Kak Npoun3BogHas MOCTOAHHON PYyHKLMN
paBHa Hynw, T0 (F+C)' =F' +C'=/ +0 = A 3710
03HayaeT, 4YTo ecnnm F — ofHa M3 NepBo06pa3HbIX
pyHKuuKn /, To 1 cymma F + C, rge C — nocTo-
AHHOe YNCNo, TakKXXe OyAeT NepBoo6pasHoO A

3ajayvya MHTerpupoBaHus BO3HMKaeT B Mpo-
Lecce nomcka HeKOTopoh GyHKUum F npwm
N3BEeCTHOW ee npounsBogHoW f. I3BEeCTHO, 4TO
nponsBoAHas naowaan S noarpaguka pyHKLUN
f paBHa camoii pyHkuyun f. CnegosatenbHo, Ans
HaXx0XAEeHNS S HYXHO UCKaTb NepBO06pPasHyHo
M3BECTHON (PyHKLUMUN A

2. CeolicTBa nepsoobpasHoin. CeoicTBa nep-
BOO6GpPa3HOMN — 3TO CBOMCTBA NMPOU3BOAHOM,
TONbKO MepenucaHHble B 06paTHOM MoOpsifke.
VicknioueHne cocTaBNseT CBONCTBO 2, KOTOpOe
03HayaeT, YTO PYHKLMSA, NPOMU3BOAHASS KOTOPOWA
TOX/AECTBEHHO paBHa HY/0, 0653aTelbHO ABMSA-
eTCS KOHCTaHTON. 3TO CBOMACTBO 0YEBUAHO, TaK

. Kak HaiiTn Touku neperuba rpagpuka QyHKUUN?
. Ecnu BTOpas npoussogHas o6paTunacb B HEKOTOPOI TOUKE B HY/b, 0653aTENIbHO NN

. KakoB MexaHM4ecKunin cMbIC/T BTOPOA MPOW3BOAHON?
. KakoB reomeTpuyeckuii cmMbicn BTOPO/A NPOU3BOAHON?

MHTerpnposaHne — onepa-
uns, obpatHasa guggepeHLmn-
poBaHunio

Y = fix)
y=n(%)
F\x) = fix)
Fix) — nepBoo6pa3Has
pyHkunun f(x)

CaoiicTBa nepBoo6pasHoii

1. Echm F — nepBoob6pasHas
yHKUMKN [/, TO PyHKumna F + C,
roe C — KOHCTaHTa, Takxe ABNA-
eTCcs nepBo06pa3Hoii TOM Xe PyHK-
uun f.

2. O6paTHo, ecim Fxun F2 —
[Be nepB006pasHble 0gHOM 1 ToW
Xe yHKUuumn [ To OHM OTANYaloT-
CA Ha MOCTOAHHOE cnaraemoe:
Fi =F2+C.

3. Ecim F n G — nepBoobpas-
Hble pyHKUMA f 1 g, To cymma
F + G aBnsetcsa nepBoobpasHoi
pyHKuun f +g.

4. Ecnm F — nepBoo6pasHas
byHKkuun A 10 Cf aBnsieTcs nep-
BoobpasHoin pyHkuyun Cf (C —
NMOCTOSIHHOE YMKCAO).
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HeonpepneneHHbli HTErpan

COBOKYNHOCTb BCEX MepB0O06-
pasHbix F gyHKkumn f(x), onpege-
JIEHHbIX Ha HEKOTOPOM MpOMe-
XYTKe.

O603HauyeHue:

\f(x)dx.
WTak, corsnacHo onpesesneHuto,
\f(x)dx =1*) +C,

rae F(x) — kakas-nmbo nepBoo6-
pasHasa pyHkuum f(x); C — npo-
N3BOSIbHAas MOCTOSIHHASA.

Tabnmuya nHTerpanos

Neo \f(x)dx
1 x+C
X -x2+C
2x
xn(n * 1) xn+1+ n*1
n+l (x*0)
! Injx| + C
X
ex ex+C
1 s
X2 X
(kx +Bn 1(kxtbp o
n*-1 k n+1
1
(kx +h)2 [}kx1+b ©
1
—Jkx +b +C
MVictst- b k
12
----- kx +b)2+C
slkx +b " 3( X +b)
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KaK C TOYUKWN 3PEHNA MEXaHUKWN nMpon3BogHasd —
3TO CKOPOCTb. Ecnm ckopocTb Tena paBHa HyNo,
TO TE€JZI0 HaxogunuTCcA B MOKOE.

Kak BbIYMCAAIOT NepBoo6pasHyto?

1. Onepaunsa gnugpdepeHuMpoBaHusa coBep-
WwaeTcs PopManbHO — HYXHO 3aMOMHUTb He-
CKOMbKO MpaBun, n nx b6yaeT [OCTATOYHO AA
HaxoXeHUs Npon3BOAHbIX. He Tak 06CcTOUT
[eno C MHTerpupoBaHUeM: Hanpumep, HeT dop-
Mynbl A0S WHTErpupoBaHUSA NPOU3BELEHMNSA U
yacTHOro yHkumnii. MoaTomy cocTaBfieHbl 06-
WNpHble Tabnmubl nHTerpanos (nepsoobpas-
HbIX) U NOABAAETCSA HOBas 3ajaya — HayUUTb-
ca npeobpasoBbiBaTb BblUMCASAEMble NHTErpasbl
B Tab/IMUHbIe.

2. OpgHa n Ta Xe pyHKumMA f nmeeT 6eCKOHeY-
HO MHOF0O NepB0o06pa3HbIX, HO BCE OHU ApYr OT
Apyra oT/IMYalTCA Ha KOHCTaHTY. 3HaKOM Heo-
npejesieHHOro MHTerpana | 06o3HavaeTcsa Kakas-
nn60o n3 nepeoobpasHbiXx. OTCIOAA ICHO, UTO BCS-
KVe paBeHCTBa C MCNOMb30BaHWEM 3HakKa JHaAo
NMOHMMAaTb C TOYHOCTbIO [0 MOCTOSIHHOTO criarae-
MOro. YUtobbl MOMHWUTbL 3TO, NPU BbIYUCIEHUN
nepBoo6pasHbIX NUWYT KaKyl-HUOYAb N3 HUX,
a 3aTeM [06aBnsAT NocTosHHYy0 C.

3. JlnHenHasa 3amMeHa nepemeHHON. MycTb
F — nepBoo6pasHaa gna pyHkuyum f. Torga

\f(kx +b)dx = +b) +C.

OTMeTUM Mnofie3Hble CNefCTBUSA, KOTOpble
MOXHO BHECTU B Tab/anLy UHTErpanoB:

(%) \f(x)dx
1
______ , X>a -
T X In(x - a)
ax=-exm Lg
(a><p, o#l) Ina
sin(cox + a) — cos(cox +a)
@
cos(cox + a) —sin(cox + a)
@






f'(x)




1 1

. —=1-—x+ix

Vl+x ? 16

. X
® sinx=x——+...
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F(x2) - -FCxj) = T(a, x2) - T(a, xX) = T(xt, x2) B cuny aganTUBHOCTN (PYHK-
unn T. OBbIYHO He BBOAAT HOBOro 0603HaveHmsa F, a nuwyT: T(X, X + AX) =
= AT.

Takas cBSA3b MeXAy afinuTUBHbLIMU PYHKLMAMU 06N1acTu U 06bIYHBIMU
DYHKLUAMY TOYKM UMeeT MecTO TO/IbKO ANs NPSAAMOR. Ha nnockocTu u B Npo-
CTpaHCTBE BCe ropasfgo CNoXHee, U TaM agaMTuBHble GyHKLUMKM (paboTa, 3a-
PS4 WM T.M.) HeNb35 NPEACTaBUTbL B BUAE «NpUpPaLLeHNa» PYHKLUN TOYKN.

Ecnn T npeactaBUTb KaK npupawieHne pyHKuun Toukum F, 10

T(x, x + [Ix) = F(x, x + A1X) - F(x) = AF;
T(X,x + AxX) _ AF
AX AX

Monyynnu, 4To NAOTHOCTb aAANTUBHON (YHKUMN T ABASiETCA NPOU3BO-
AHOU dhyHKumMKM E(x) = T(a, x).

MnoTHOCTbLIO agAMTUBHON (PyHKUMKM T HasbiBaeTca Takas QyHKuunsa f,
4TO rnaBHas YacTb NpupauieHnsa T paBHa fdx, T.e. dT = fdx.

Ona nnowagn nogrpaguka 3To 03HayaeT, YTO ee NJOTHOCTbIO ABSAETCA
npon3BofHas OT MepeMeHHOW naouiagu.

NTak, ¢ Kaxaon afauTUBHON hyHKLUMe O0Tpe3Ka Mbl CBSI3biBaeM (PyHK-
LMK TOYKW — MNOTHOCTb, KOTOpas ABNASETCA MPOM3BOAHOW OT «MepeMeH-
HOM» BennuuHbl T, T.e. oT T(a, X).

Ecnun, Kak 06bl4HO, 0603Ha4YnTb T(X, X + [AX) yepe3 AT, TO NOAYy4YUM, 4YTO

AT _ f(x), nnum AT * x) AX, rge x) — NNOTHOCTb afAUTUBHOM (hyHKL NN /.

Ax

O603Ha4YMM rnaBHyt 4Yactb AT 4yepe3 dT (M 3aMeHMB, KakK 06bl4HO, AX Ha
dx), nonyyum paBeHcTBO dT =fdx. DT0 paBeHCTBO MOXET CNYXUTb onpeje-
neHvem nnaoTHocTu f.

MHTerpan Kak agamMtuBHasi oyHKUMS ¢ 3a4aHHOI M/I0THOCTLIO

3afaya HaxoXAeHUs MAOTHOCTU agAuTUBHOM yHKUMKM T npuBena K 3a-
flaye HaxoXfeHuUs NpousBogHoi. O6paTHO, BOCCTAHOB/IEHUE afAUTUBHOM
yHKUMKM T no ee nnoTHocTM f Ha3bIBaeTCA MHTErpupoBaHMeM, a caMo 3Ha-
yeHue pyHKumm T Ha oTpeske [0, LWL, — wnHTerpanom ot pyHkumm f Ha oT-
peske [a, b].

MHTerpanom oT pyHKumu f HasbiBaeTcs agamTuBHas QyHkKumsa T ¢ 3a-
AaHHOW nnoTHocThio f.

CooTHoweHue Mexay T n/, 3anncaHHoe B AudgepeHynanbHon hopme B
Buge dT = fdx, ¢ nomow,blo 3HaKa MHTerpana 3anucbiBaeTcsa TakK:

b
T = jfdx.
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